
	
   	
   	
  	
  

Real-­‐Time	
  Integra/on	
  of	
  Lagrangian	
  Sensors	
  
and	
  Traffic	
  Flow	
  Models	
  

Sébas/en	
  Blandin	
  	
  
Systems	
  Engineering,	
  UC	
  Berkeley	
  

blandin@berkeley.edu	
  

HPC	
  and	
  cloud	
  compu/ng	
  workshop	
  
CITRIS,	
  UC	
  Berkeley	
  
June	
  22nd,	
  2011	
  



Road	
  traffic	
  conges/on	
  

2035	
  2002	
  

• Conges/on	
  in	
  the	
  US	
  in	
  2009	
  (Urban	
  Mobility	
  Report,	
  2010)	
  
• $115	
  billion	
  in	
  wasted	
  /me	
  and	
  fuel	
  
• 4.8	
  billion	
  hours	
  of	
  delay	
  
• Average	
  traveler	
  needs	
  25%	
  more	
  /me	
  than	
  speed	
  limit	
  travel-­‐/me	
  

• Federal	
  Highway	
  Admistra/on	
  trend	
  



Vehicles	
  on	
  the	
  road	
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Conges/on:	
  road	
  demand	
  greater	
  than	
  road	
  supply	
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Conges/on	
  mi/ga/on	
  strategies	
  

• Capacity	
  increase	
  
• Roadway	
  expansion	
  	
  
• Variable	
  speed	
  limits	
  
• Incident	
  management	
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• Capacity	
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• Roadway	
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• Variable	
  speed	
  limits	
  
• Incident	
  management	
  



Vehicles	
  on	
  the	
  road	
  

Th
ro
ug
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ut
	
  

Conges/on	
  mi/ga/on	
  strategies	
  

• Demand	
  adjustment	
  
• Mode	
  shi_	
  

• High-­‐occupancy	
  vehicle	
  lanes	
  
• Public	
  transporta/on	
  saved	
  783	
  
million	
  hours	
  in	
  the	
  US	
  in	
  2009)	
  

• Temporal	
  shi_	
  
• Telecommu/ng	
  
• Ramp	
  metering:	
  Minnesota(2000),	
  
22%	
  reduc/on	
  in	
  travel-­‐/me	
  
• Dynamic	
  toll	
  system:	
  Stockholm	
  
reduced	
  traffic	
  by	
  20%,	
  wasted	
  /me	
  
by	
  25%)	
  

• Spa/al	
  shi_	
  (rou/ng	
  direc/ons)	
  



Modeling,	
  es/ma/on,	
  and	
  control	
  

• Traffic	
  modeling	
  
• Microscopic	
  (vehicular)	
  or	
  macroscopic	
  (elements	
  of	
  flow)	
  perspec/ve	
  
• Physical	
  principles	
  and	
  sta/s/cal	
  assump/ons	
  

• Es/ma/on	
  methods	
  
• Analy/cal	
  only	
  for	
  specific	
  models	
  and	
  sta/s/cs	
  
• Most	
  computa/onally-­‐intensive	
  task:	
  tractability	
  for	
  real-­‐/me	
  analysis	
  
• Require	
  assump/ons	
  on	
  origin	
  and	
  nature	
  of	
  uncertainty	
  

• Control	
  algorithms	
  
• Traveler	
  informa/on	
  (conges/on	
  maps,	
  rou/ng	
  direc/ons)	
  
• Traffic	
  assignment	
  (ramp	
  metering,	
  road	
  pricing,	
  variable	
  speed	
  limits)	
  



Modeling,	
  es/ma/on,	
  and	
  control	
  

0.8 

Model	
  

Sensing	
  

Es/mate	
   Control	
  



fleet	
  tracking	
  loops	
  

magnetometer	
  

video	
  

RFID	
  radar	
  

Classical	
  	
  sensing	
  technologies	
  



Smartphone	
  ubiquity:	
  from	
  smart	
  roads	
  to	
  smart	
  drivers	
  

• Spread	
  of	
  mobile	
  and	
  smart	
  phones	
  
• Worldwide	
  mobile	
  phones	
  market	
  increased	
  by	
  
20%	
  in	
  Q1	
  of	
  2011	
  
• Close	
  to	
  50%	
  penetra/on	
  rate	
  in	
  the	
  US	
  

• Dynamic	
  traffic	
  control	
  
• Accurate	
  real-­‐/me	
  informa/on	
  (<5	
  minutes	
  
delay)	
  
• High-­‐frequency	
  update	
  (>1	
  per	
  minute)	
  
• Dynamic	
  rou/ng	
  (Google:	
  March	
  2011)	
  

• Adap/ve	
  control	
  (appropriate	
  for	
  stochas/c	
  
systems)	
  

• Accounts	
  for	
  more	
  complex	
  criteria	
  (reliability)	
  
• Personalized	
  route	
  recommenda/ons	
  



Mobile	
  Millennium:	
  a	
  traffic	
  informa/on	
  system	
  



Outline	
  
1.  Traffic	
  sensing:	
  from	
  eulerian	
  sensors	
  to	
  lagrangian	
  sensors	
  	
  

1.  Crowdsourced	
  probe	
  measurements	
  
2.  Temporal	
  sampling	
  and	
  map-­‐matching	
  
3.  Spa/al	
  sampling:	
  virtual	
  trip	
  lines	
  

2.  Traffic	
  modeling	
  and	
  es/ma/on	
  
1.  Sta/s/cal	
  and	
  physical	
  models	
  
2.  Es/ma/on,	
  inference	
  and	
  data	
  fusion	
  

3.  Beyond	
  traffic	
  informa/on	
  systems	
  
1.  Behavioral	
  models	
  of	
  macroscopic	
  traffic	
  
2.  The	
  no/on	
  of	
  reliability	
  
3.  Distributed	
  network-­‐op/mal	
  control	
  



PeMS	
  loop	
  detector	
  sta/ons	
  

Ubiquitous	
  sensing	
  

• Personal	
  GPS	
  
• Point	
  speeds	
  
• Distributed	
  across	
  the	
  road	
  network	
  

• Loop	
  detectors	
  
• Count	
  and	
  occupancy	
  
• Localized	
  in	
  space	
  

Mobile	
  Millennium,	
  GPS	
  point	
  
speeds,	
  July	
  29th,	
  2010	
  



Mobile	
  Century	
  experiment:	
  proof	
  of	
  concept	
  

• Mobile	
  Century	
  experiment	
  
• February	
  8th,	
  2008	
  
• 10	
  miles,	
  100	
  cars,	
  100	
  GPS-­‐enabled	
  
smartphones	
  
• Accident	
  and	
  morning	
  conges/on	
  
• Proof	
  of	
  concept	
  of	
  added	
  value	
  of	
  
GPS	
  data	
  for	
  traffic	
  es/ma/on	
  
• Collected	
  data	
  available	
  at	
  
traffic.berkeley.edu	
  

100 rental cars 70+ support  
staff 

165 UC Berkeley 
graduate student drivers 
[Herrera,	
  Work,	
  Ban,	
  Herring,	
  Jacobson,	
  Bayen,	
  TR-­‐C,	
  2010]	
  



GPS velocity (local phone logs) PeMS inductive loops 

(2-5% of traffic) 

road geometry: 13 edges, 14 vertices  

(17 inductive loops) 

Mobile	
  Century	
  experiment:	
  data	
  collec/on	
  

[Herrera,	
  Work,	
  Ban,	
  Herring,	
  Jacobson,	
  Bayen,	
  TR-­‐C,	
  2010]	
  



•  Video data:  
–  Vehicles counts  
–  Travel time validation 

Mobile	
  Century	
  experiment:	
  video	
  data	
  collec/on	
  

[Herrera,	
  Work,	
  Ban,	
  Herring,	
  Jacobson,	
  Bayen,	
  TR-­‐C,	
  2010]	
  



Mobile	
  Century	
  experiment:	
  valida/on	
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• Mobile	
  Century	
  experiment	
  
• February	
  8th,	
  2008	
  
• 10	
  miles,	
  100	
  cars,	
  100	
  GPS-­‐enabled	
  smartphones	
  
• Proof	
  of	
  concept	
  of	
  added	
  value	
  of	
  GPS	
  data	
  for	
  
traffic	
  es/ma/on	
  

[Herrera,	
  Work,	
  Ban,	
  Herring,	
  Jacobson,	
  Bayen,	
  TR-­‐C,	
  2010]	
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  lagrangian	
  sensors	
  	
  

1.  Crowdsourced	
  probe	
  measurements	
  
2.  Temporal	
  sampling	
  and	
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  models	
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  traffic	
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  control	
  



Temporal	
  sampling	
  



Processing	
  temporally	
  sampled	
  data	
  

• Data	
  characteris/cs	
  
• Large	
  sampling	
  interval	
  (power	
  and	
  
privacy	
  constraints)	
  

• Noisy	
  measurements	
  (in	
  par/cular	
  
in	
  urban	
  areas)	
  

• Point	
  data	
  (no	
  speed)	
  must	
  be	
  
converted	
  to	
  travel-­‐/mes	
  

• HMM	
  map-­‐matching	
  algorithm	
  

• Reduces	
  sensi/vity	
  to	
  
measurements	
  errors	
  

• Sensi/ve	
  to	
  very	
  small	
  speeds	
  

[Hunter,	
  Bayen,	
  TITS,	
  2011]	
  



Mobile	
  Millennium	
  system:	
  Yellow	
  Cab	
  data	
  

Example of trajectory reconstruction failure 
  True trajectory 
  Naïve reconstruction 
  Raw GPS point 

10 

[Hunter,	
  Bayen,	
  TITS,	
  2011]	
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Spa/al	
  sampling	
  with	
  Virtual	
  Trip	
  Lines	
  (VTL)	
  

• Virtual	
  trip	
  lines	
  
• Preloaded	
  virtual	
  geographic	
  markers	
  	
  
• Probabilis/c	
  collec/on	
  of	
  speed	
  of	
  vechicles	
  
vehicles	
  crossing	
  
• Anonymized	
  measurements	
  sent	
  to	
  es/ma/on	
  
algorithm	
  



step	
  1:	
  download	
  VTLs	
  to	
  cell	
  phone	
  (automa/c)	
  

VTL 
database 

request VTLs 
receive VTLs 

step	
  2:	
  check:	
  does	
  my	
  GPS	
  trajectory	
  intersect	
  a	
  VTL?	
  	
  	
  	
  

Virtual	
  Trip	
  Line	
  (VTL):	
  virtual	
  trigger	
  to	
  send	
  measurements	
  

VTL 
updates 

database 

[VTL_ID=001, time=11:15:32, speed=54mph] 

if	
  yes,	
  send	
  VTL	
  measurement	
  update	
  

[VTL_ID=002, time=11:16:01, speed=52mph] 
[VTL_ID=003, time=11:16:42, 
speed=53mph] 

Spa/al	
  sampling	
  with	
  Virtual	
  Trip	
  Lines	
  (VTL)	
  

[[Hoh, Gruteser, Herring, Ban, Work, Herrera,  Bayen, Annavaram, Jacobson, Mobisys 2008] 
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Newell-­‐Daganzo	
   Kerner,	
  Papageorgiou,Li	
  Greenshields	
  

First	
  order	
  scalar	
  conserva/on	
  law	
  models	
  

• Traffic	
  state:	
  density	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  of	
  vehicles	
  at	
  /me	
  	
  	
  	
  and	
  loca/on	
  

• Dynamics:	
  Scalar	
  one	
  dimensional	
  conserva/on	
  law,	
  transport	
  equa/on	
  

• Empirical	
  flux	
  func/on:	
  the	
  fundamental	
  diagram	
  

[Lighthill,	
  Whitham,	
  1955],	
  [Richards,	
  1956],	
  [Greenshields,	
  1935]	
  



•  road	
  network	
  as	
  directed	
  graph:	
  
	
  	
  	
  	
  edges	
  
	
  	
  	
  	
  ver/ces	
  

•  vertex	
  linear	
  program	
  
–  solves	
  for	
  link	
  boundary	
  

condi/ons	
  
–  mass	
  conserving	
  
–  guarantees	
  uniqueness	
  of	
  

solu/on	
  on	
  networks	
  

Vertex	
  
op/miza/on	
  problem	
  

edge	
  evolu/on	
  
equa/on	
  

For	
  each	
  	
  
vertex	
  

for each 
edge 

edge	
  boundary	
  	
  
condi/ons	
  

Network	
  conserva/on	
  law	
  model	
  for	
  velocity	
  

[Work,	
  Blandin,	
  Tossavainen,	
  Piccoli,	
  Bayen,	
  AMRX,	
  2010]	
  



• Macroscopic	
  model	
  at	
  traffic	
  lights	
  
• Queue	
  propaga/on	
  implies	
  specific	
  spa/al	
  distribu/on	
  of	
  vehicles	
  
• Es/mated	
  travel-­‐/me	
  distribu/ons	
  have	
  to	
  be	
  consistent	
  with	
  queue	
  
phenomena	
  

Flow-­‐based	
  sta/s/cal	
  model	
  of	
  urban	
  traffic	
  

[Hofleitner,	
  Herring,	
  Bayen,	
  TR-­‐B,	
  2011]	
  



6 - Traffic learning 7 - Display 

1 - Raw data 2 - Map matching 

5 - Filtering 

3 - Path discovery 4 -  Path inference 

Machine	
  learning	
  model	
  of	
  travel-­‐/me	
  

[Hunter,	
  Bayen,	
  TITS,	
  2011]	
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Proper/es	
  of	
  urban	
  travel	
  /mes	
  

• Non	
  gaussian	
  distribu/ons	
  
• Link	
  independence	
  do	
  not	
  hold	
  

• Required	
  distribu/ons	
  	
  
• Heavy	
  tailed	
  
• Mixture	
  model	
  

Example	
  of	
  travel	
  /mes	
  on	
  a	
  complete	
  
link	
  
(San	
  Francisco,	
  Van	
  Ness	
  Ave,	
  1	
  block)	
  
Recorded	
  from	
  1s	
  GPS	
  sampling	
  

Total	
  link	
  travel	
  /mes	
  (seconds)	
  

N
um

be
r	
  
of
	
  o
bs
er
va
/o

ns
	
  

0 50 100 150 

[Hunter,	
  Bayen,	
  TITS,	
  2011]	
  



Proper/es	
  of	
  traffic	
  flow	
  

• Nonlineari/es	
  of	
  traffic	
  flow	
  
• Globally:	
  development	
  of	
  conges/on	
  phases	
  
• Locally:	
  instabili/es	
  leading	
  to	
  stop-­‐and-­‐go	
  waves	
  

• Nonlineari/es	
  
• Induce	
  discon/nui/es	
  in	
  the	
  solu/on	
  of	
  the	
  PDE	
  
• Have	
  to	
  be	
  accounted	
  for	
  as	
  mixture	
  distribu/ons	
  

• Nondifferen/ability	
  
• Caused	
  by	
  the	
  existence	
  of	
  sta/onary	
  shockwaves	
  
• Break	
  assump/ons	
  of	
  Taylor	
  series	
  approxima/ons	
  

[Blandin,	
  Couque,	
  Bayen,	
  Work,	
  TR-­‐B,	
  2011]	
  



IniDalizaDon:	
  Draw	
  K	
  ensemble	
  realiza/ons	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (	
  with	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  from	
  a	
  process	
  with	
  a	
  mean	
  speed	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  covariance	
  	
  

Forecast:	
  	
  Update	
  each	
  of	
  the	
  K	
  ensemble	
  members	
  according	
  to	
  the	
  
discrete	
  velocity	
  model.	
  Then	
  update	
  the	
  ensemble	
  mean	
  and	
  
covariance	
  according	
  to:	
  

Analysis:	
  	
  Obtain	
  measurements,	
  compute	
  the	
  Kalman	
  gain,	
  and	
  update	
  
the	
  network	
  forecast:	
  

The ensemble Kalman filter 

[Work,	
  Blandin,	
  Tossavainen,	
  Piccoli,	
  Bayen,	
  AMRX,	
  2010]	
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Behavioral	
  fluid	
  mechanics	
  

Roma:	
  muro	
  torto	
  

NGSIM:	
  US-­‐101	
  
NGSIM:	
  I-­‐80	
  

NGSIM:	
  I-­‐80	
  

[Blandin,	
  Bret,	
  Cutolo,	
  Piccoli,	
  AMC,	
  2009]	
  



Macroscopic	
  models	
  of	
  set-­‐valued	
  driving	
  behavior	
  

[Blandin,	
  Work,	
  Goa/n,	
  Piccoli,	
  Bayen,	
  SIAP,	
  2011]	
  

• 	
  Extension	
  of	
  classical	
  
conserva/on	
  law	
  framework	
  
• Modeling	
  choice	
  of	
  different	
  
speeds	
  for	
  different	
  densi/es	
  
• Integra/on	
  of	
  joint	
  velocity	
  
and	
  density	
  measurements	
  

Density	
  

Flow	
  

velocity	
  
measurement	
  

density	
  
measurement	
  



Macroscopic	
  models	
  of	
  set-­‐valued	
  driving	
  behavior	
  

• Defini/on	
  of	
  traffic	
  state	
  as	
  
• 	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  in	
  free-­‐flow	
  phase	
  
• 	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  in	
  conges/on	
  phase	
  

• Defini/on	
  of	
  the	
  standard	
  speed	
  func/on	
  

	
  	
  	
  where	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  smooth	
  with	
  posi/ve	
  values.	
  
• Defini/on	
  of	
  speed	
  as	
  a	
  perturba/on	
  around	
  the	
  standard	
  speed	
  in	
  
conges/on	
  

• 	
  Defini/on	
  of	
  two	
  dis/nct	
  dynamics	
  

in	
  free-­‐flow	
  
in	
  conges/on	
  

in	
  free-­‐flow	
  
in	
  conges/on	
  

in	
  free-­‐flow	
  

in	
  conges/on	
  

[Blandin,	
  Work,	
  Goa/n,	
  Piccoli,	
  Bayen,	
  SIAP,	
  2011]	
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  sampling	
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  traffic	
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  no/on	
  of	
  reliability	
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  network-­‐op/mal	
  control	
  



Travel-­‐/me	
  reliability	
  

[Loui,	
  1983]	
  

Travel-­‐/me	
  

Probability	
  

Red	
  route	
  
Blue	
  route	
  



A	
  stochas/c	
  rou/ng	
  formula/on:	
  on-­‐/me	
  arrival	
  

• Defini'on:	
  Given	
  an	
  origin,	
  a	
  des/na/on,	
  a	
  /me	
  budget,	
  maximize	
  the	
  
probability	
  of	
  arriving	
  at	
  the	
  des/na/on	
  within	
  budget.	
  

• Challenges:	
  	
  
• Proof	
  of	
  theore/cal	
  convergence	
  
• Tractable	
  solu/on	
  algorithm	
  

[Loui,	
  1983]	
  



Problem	
  statement	
  

• Let	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  be	
  a	
  directed	
  graph	
  which	
  represents	
  the	
  road	
  network.	
  

• With	
  each	
  edge	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  associated	
  a	
  con/nuous	
  link	
  travel	
  /me	
  probability	
  
density	
  func/on	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  .	
  

• Stochas/c	
  on-­‐/me	
  arrival	
  (SOTA)	
  problem:	
  given	
  a	
  couple	
  origin-­‐des/na/on	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
and	
  a	
  /me	
  budget	
  	
  	
  	
  	
  ,	
  find	
  the	
  op/mal	
  rou/ng	
  policy	
  

• Challenges	
  
• Op/mal	
  policy	
  may	
  contain	
  loop,	
  no	
  bound	
  on	
  finite	
  number	
  of	
  itera/ons	
  
(value	
  itera/on,	
  Picard	
  method	
  of	
  successive	
  approxima/ons)	
  	
  
• Numerical	
  tractability	
  for	
  real-­‐/me	
  applica/ons	
  

[Fan,	
  Kalaba,	
  Moore,	
  2005]	
  



Algorithm	
  

• Note	
  	
  	
  	
  	
  the	
  minimal	
  link	
  travel-­‐/me	
  
• Bound	
  on	
  number	
  of	
  itera/ons	
  in	
  
	
  con/nuous	
  setng	
  

• The	
  convolu/on	
  product	
  is	
  computed	
  
• Using	
  the	
  fast	
  fourier	
  transform	
  
• By	
  increments	
  of	
  size	
  	
  	
  

• Complexity	
  

compared	
  to	
  brute	
  force	
  method:	
  

• Improvements	
  relying	
  on	
  local	
  values	
  of	
  minimal	
  link	
  travel-­‐/me	
  
• Defini/on	
  of	
  policy	
  update	
  invariant	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  
op/mal	
  order	
  

[Samaranayake,	
  Blandin,	
  Bayen,	
  ISTTT,	
  2011]	
  

δ
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expected time (LET) solution will always route on path {(a, b), (b, d)} regardless of the realized

travel-times and thus have a lower probability of reaching the destination on time.

As stated in Fan and Nie (2006), as the network gets arbitrarily complex, it is possible to have

an infinite-horizon routing process. Bertsekas and Tsitsiklis (1996) showed that this is unlikely

to happen in realistic networks, but whether a successive approximations solution to this problem

converges in a finite number of steps is an open problem to the best of our knowledge.

To solve the problem raised by the unbounded convergence of Algorithm 1, Nie and Fan (2006)

present a discrete time approximation of the SOTA problem. This algorithm has a computational

complexity of O(m(Td)
2
), where m is the number of links in the graph, d is the number of dis-

cretization intervals per unit time and T is the time budget. The drawback of this method is the

numerical discretization error in the representation of the probability density function. A smaller

discretization interval leads to a more accurate approximation, but increases the computation time

quadratically. In this article, we present both a continuous time exact solution that does not require

successive approximations and a discretization scheme with a computation time to accuracy trade

off that is lower than quadratic in most practical cases.

3. Continuous time exact formulation of the SOTA problem with single iteration conver-

gence algorithm

In this section, we present an algorithm that finds the optimal solution to the continuous time

SOTA problem in a single iteration through time space domain of the problem. The complexity of

the algorithm does not depend on the number of links in the optimal path.

3.1. Solution algorithm for single iteration convergence

The key observation used in this algorithm is that there exists a minimum physically realizable

travel-time on each link of the network. Let β be the minimum realizable link travel-time across

the entire network. β is strictly positive since speeds of vehicles have a finite uniform bound,

and the network contains a finite number of links with strictly positive length. Therefore, given

� ∈ (0, β), δ = β − � is a travel-time such that pi j(t) = 0 ∀ t ≤ δ, (i, j) ∈ A. Given a time budget T ,

let L = �T/δ� represent a discretization of T . We propose the solution Algorithm 2.

Algorithm 2 Single iteration SOTA algorithm

Step 0. Initialization.

u
0

i
(t) = 0, ∀i ∈ N, i � s, t ∈ (0,T )

u
0

s
(t) = 1, ∀ t ∈ (0,T )

Step 1. Update

For k = 1, 2, . . . , L
τk = kδ
u

k

i
(t) = u

k−1

i
(t)

∀i ∈ N, i � s, t ∈ (0, τk − δ]
u

k

i
(t) = max j

�
t

0
pi j(ω) u

k−1

j
(t − ω) dω % Computation of the convolution product

∀i ∈ N, i � s, (i, j) ∈ A, t ∈ (τk − δ, τk
]

In this formulation of the SOTA problem, the functions u
k

i
(·) are computed on [0,T ] by increments

of size δ. The algorithm proposed relies on the fact that for t ∈ (τk − δ, τk
], u

k

i
(t) can be computed

exactly using only u
k

j
(·), (i, j) ∈ A, on (τk − 2 δ, τk − δ], where τk

is the budget up to which u
k

i
(·) is

computed at the k
th

iteration of Step 1.

L = �T/δ�

δ

O

�
m

�T/δ
k=1

k δ
∆t

k δ
∆t

�

O

�
m

�T/∆t
k=1 k

�

τi ≤ j(τj + δij)



Probability	
  of	
  arriving	
  on	
  /me	
  

• San	
  Francisco	
  arterial	
  network	
  

[Samaranayake,	
  Blandin,	
  Bayen,	
  ISTTT,	
  2011]	
  

Short	
  route	
  (SOTA	
  policy	
  vs	
  LET	
  path)	
  Long	
  route	
  (SOTA	
  policy	
  vs	
  LET	
  path)	
  

• Dashed:	
  least-­‐expected	
  travel	
  /me	
  path	
  
• Solid:	
  stochas/c	
  on-­‐/me	
  arrival	
  policy	
  



Bay	
  Area	
  Highway	
  network	
  San	
  Francisco	
  arterial	
  network	
  

Run/me	
  improvement	
  

[Samaranayake,	
  Blandin,	
  Bayen,	
  ISTTT,	
  2011]	
  

• The	
  algorithm	
  is	
  coded	
  in	
  Java	
  and	
  executed	
  on	
  a	
  Windows	
  7	
  PC	
  with	
  a	
  
2.67Ghz	
  Dual	
  Core	
  Intel	
  Itanium	
  processor	
  and	
  4GB	
  of	
  RAM	
  



SOTA	
  iPhone	
  app	
  

• iPhone	
  applica/on	
  DriveTracker	
  for	
  San	
  Francisco	
  
commuters	
  

• Real-­‐/me	
  traffic	
  condi/ons	
  from	
  Bayesian	
  
network	
  model	
  of	
  individual	
  link	
  travel-­‐/mes	
  
• 2626	
  links,	
  mean	
  and	
  variance	
  of	
  link	
  travel-­‐/me	
  
available	
  for	
  40	
  /me	
  periods	
  during	
  the	
  day	
  (up	
  to	
  
15-­‐minute	
  resolu/on)	
  

[Borokhov,	
  Blandin,	
  Samaranayake,	
  Goldschmidt,	
  Bayen,	
  ITSC,	
  2011]	
  

• Communica/on	
  scheme	
  
• Op/mal	
  policy	
  is	
  sent	
  to	
  
the	
  phone	
  at	
  origin	
  
• Policy	
  updates	
  pushed	
  
to	
  phone	
  if	
  traffic	
  
condi/ons	
  change	
  
significantly	
  



SOTA	
  iPhone	
  app	
  features	
  

• Power	
  efficiency	
  
• Policy	
  is	
  computed	
  only	
  once	
  
• Push-­‐based	
  recomputa/on	
  
• Sampling	
  scheme	
  depends	
  on	
  
dynamics	
  

• Safety	
  
• Rela/ve	
  aural	
  turn-­‐by-­‐turn	
  
direc/ons	
  
• Minimal	
  visual/cogni/ve	
  
distrac/on	
  

[Borokhov,	
  Blandin,	
  Samaranayake,	
  Goldschmidt,	
  Bayen,	
  ITSC,	
  2011]	
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  reliability	
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Network-­‐wide	
  op/mal	
  control	
  

• All	
  current	
  control	
  strategies	
  are	
  semi-­‐local	
  or	
  microscopic	
  
• Ramp	
  metering	
  
• Coordinated	
  signal	
  (corridor)	
  
• Route	
  guidance	
  

• Significant	
  progress	
  recently	
  on	
  traffic	
  es/ma/on	
  
• Truly	
  distributed	
  knowledge	
  of	
  traffic	
  phenomena	
  
• Truly	
  real-­‐/me	
  es/ma/on	
  with	
  high	
  resolu/on	
  
• True	
  knowledge	
  of	
  stochas/c	
  nature	
  of	
  traffic	
  

• Op/mal	
  control	
  of	
  network	
  traffic	
  
• Smart	
  phones	
  allow	
  new	
  types	
  of	
  controls:	
  splitng	
  rates	
  at	
  
intersec/ons	
  not	
  limited	
  to	
  {0,1}	
  
• Development	
  of	
  educated	
  mul/modality	
  

• Bexer	
  understanding	
  of	
  traffic	
  dependencies	
  and	
  demand	
  paxerns	
  to	
  
harness	
  increased	
  computa/onal	
  capabili/es	
  



hxp://traffic.berkeley.edu	
  

Mobile	
  Millennium	
  project	
  



	
   	
   	
  	
  

Real-­‐Time	
  Integra/on	
  of	
  Lagrangian	
  Sensors	
  
and	
  Traffic	
  Flow	
  Models	
  

Sébas/en	
  Blandin	
  	
  
Systems	
  Engineering,	
  UC	
  Berkeley	
  

blandin@berkeley.edu	
  

HPC	
  and	
  cloud	
  compu/ng	
  workshop	
  
CITRIS,	
  UC	
  Berkeley	
  
June	
  22nd,	
  2011	
  



	
   	
   	
  	
  

Real-­‐Time	
  Integra/on	
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  Lagrangian	
  Sensors	
  
and	
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  Flow	
  Models	
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  Blandin	
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  Berkeley	
  

blandin@berkeley.edu	
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  cloud	
  compu/ng	
  workshop	
  
CITRIS,	
  UC	
  Berkeley	
  
June	
  22nd,	
  2011	
  



par/cle	
  filtering	
  
Monte	
  Carlo	
  method	
  
fully	
  nonlinear,	
  non-­‐differen/able	
  model	
  and	
  observa/on	
  equa/on	
  

extended	
  Kalman	
  filtering	
  (not	
  applicable)	
  
requires	
  linearized	
  model	
  (and	
  observa/on)	
  equa/on	
  
storage	
  of	
  large	
  covariance	
  matrices	
  

ensemble	
  Kalman	
  filtering	
  
Monte	
  Carlo	
  model	
  evolu/on,	
  linear	
  update	
  equa/on	
  

Some	
  candidate	
  recursive	
  es/ma/on	
  methods	
  

[Anderson and Moore, Optimal Filtering, 1979; Kaipio and Somersalo, Statistical and Computational Inverse 
Problems 2004; Evensen, Data Assimilation: The Ensemble Kalman Filter, 2006] 



Network traffic estimation in Mobile Millennium 

Real-time highway traffic  
Visualizer   

[Work, Blandin, Tossavainen, Piccoli, Bayen, 2009] 

•  directed graph representation  
–  generated from Navteq map database 

(automated) 
–  deployable nationwide 

•  Northern California network 
–  4164 edges, state dimension: >15,000  
–  3639 vertices (custom LP solver) 

•  production code 
–  streaming data to participating users’ 

cell phones for 18+ months 

•  real-time on my 4 year old 



Bayesian	
  network	
  for	
  traffic	
  es/ma/on	
  and	
  forecast	
  

Structure	
  and	
  
parameters	
  learning	
  

Historical	
  data	
  

Model	
  assump/ons:	
  
• Jointly	
  Gaussian	
  
• Independent	
  contemporary	
  
states	
  given	
  their	
  parents	
  

Graph	
  structure,	
  parameters	
  with	
  
maximal	
  score	
  (e.g.	
  BIC	
  score	
  ~	
  MLE)	
  
on	
  historical	
  data	
  

Forecast	
  
Current	
  data	
  

Posterior	
  forecast	
  given	
  model	
  
assump/ons,	
  current	
  data,	
  graph	
  
structure,	
  parameters	
  



LWR	
  PDE	
  

Today	
  

v-­‐PDE	
  
on	
  

network	
  

Phase	
  transi/on	
  PDE	
  

Ensemble	
  
Kalman	
  Filter	
  

Lyapunov	
  
boundary	
  
stabiliza/on	
  

Stochas/c	
  
adap/ve	
  rou/ng	
  

Modeling	
  

Es/ma/on	
  

Control	
  



Mo/va/on	
  

• Highway	
  traffic	
  phenomena	
  can	
  be	
  measured	
  via	
  a	
  wide	
  
variety	
  of	
  sensors	
  

• Fixed	
  sensors	
  
• Repor/ng	
  macroscopic	
  quan//es	
  (count,	
  occupancy)	
  
• Repor/ng	
  microscopic	
  quan//es	
  (travel	
  /me,	
  speed)	
  

• Floa/ng	
  sensors	
  
• Probe	
  vehicles	
  from	
  fleets	
  (repor/ng	
  traces)	
  
• Commuters	
  using	
  smart	
  phone	
  applica/ons	
  (speed)	
  

• Mobile	
  Millennium:	
  testbed	
  for	
  novel	
  traffic	
  algorithms	
  
• 60	
  million	
  data	
  points	
  collected	
  daily	
  
• Fusion	
  plazorm	
  providing	
  real-­‐/me	
  traffic	
  in	
  Bay	
  Area	
  



Riemann	
  problem:	
  building	
  block	
  for	
  conserva/on	
  laws	
  

• 	
  Knowledge	
  of	
  dynamics	
  and	
  le_	
  and	
  right	
  constant	
  ini/al	
  condi/on	
  

• 	
  Traffic	
  state	
  	
  	
  	
  	
  propagates	
  at	
  characteris/c	
  speed	
  	
  	
  	
  
• 	
  Two	
  cases:	
  



Riemann	
  problem:	
  building	
  block	
  for	
  conserva/on	
  laws	
  

• 	
  Knowledge	
  of	
  dynamics	
  and	
  le_	
  and	
  right	
  constant	
  ini/al	
  condi/on	
  

• 	
  Traffic	
  state	
  	
  	
  	
  	
  propagates	
  at	
  characteris/c	
  speed	
  	
  	
  	
  
• 	
  Two	
  cases:	
  



Riemann	
  problem:	
  building	
  block	
  for	
  conserva/on	
  laws	
  

• 	
  Knowledge	
  of	
  dynamics	
  and	
  le_	
  and	
  right	
  constant	
  ini/al	
  condi/on	
  

• 	
  Traffic	
  state	
  	
  	
  	
  	
  propagates	
  at	
  characteris/c	
  speed	
  	
  	
  	
  
• 	
  Two	
  cases:	
  

Solu/on	
  over-­‐defined	
  
(discon/nuous)	
  

Solu/on	
  non	
  unique	
  



Riemann	
  problem:	
  building	
  block	
  for	
  conserva/on	
  laws	
  

• 	
  Knowledge	
  of	
  dynamics	
  and	
  le_	
  and	
  right	
  constant	
  ini/al	
  condi/on	
  

• 	
  Traffic	
  state	
  	
  	
  	
  	
  propagates	
  at	
  characteris/c	
  speed	
  	
  	
  	
  
• 	
  Two	
  cases:	
  

Rankine-­‐Hugoniot	
  
condi/on:speed	
  of	
  
propaga/on	
  of	
  
discon/nui/es	
  

Lax	
  entropy	
  condi/on	
  



Lyapunov	
  stability	
  analysis:	
  deriva/ons	
  

• 	
  Deriva/ve	
  of	
  the	
  Lyapunov	
  func/on:	
  

Where	
  

• 	
  	
  Using	
  the	
  fact	
  that	
  	
  	
  	
  	
  	
  is	
  a	
  solu/on	
  of	
  Burgers	
  equa/on,	
  and	
  Rankine-­‐Hugoniot	
  
rela/on:	
  	
  



Lyapunov	
  stability	
  analysis:	
  deriva/ons	
  

• 	
  Deriva/ve	
  of	
  the	
  Lyapunov	
  func/on:	
  

Where	
  

• 	
  	
  Using	
  the	
  fact	
  that	
  	
  	
  	
  	
  	
  is	
  a	
  solu/on	
  of	
  Burgers	
  equa/on,	
  and	
  Rankine-­‐Hugoniot	
  
rela/on:	
  	
  

where	
  

boundary term internal term 



Lyapunov	
  stability	
  analysis:	
  remarks	
  

where	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  	
  	
  

• 	
  According	
  to	
  Lax	
  entropy	
  condi/on,	
  the	
  internal	
  term	
  is	
  stable	
  

• 	
  The	
  Lyapunov	
  func/on	
  is	
  decreasing	
  if	
  
where	
  	
  

• 	
  The	
  value	
  taken	
  by	
  the	
  solu/on	
  at	
  the	
  boundary	
  may	
  differ	
  from	
  the	
  value	
  
imposed	
  at	
  the	
  boundary	
  	
  

boundary term internal term 



Numerical	
  illustra/on	
  



Illustra/on	
  of	
  loops	
  in	
  SOTA	
  algorithm	
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The functions pi j(·) are assumed to be known and can for example be obtained using historical
data or real-time traffic information.

Fan and Nie (2006) present the successive approximations (SA) algorithm described in Algo-
rithm 1, which solves the system of equations (1) and gives an optimal routing policy.

Algorithm 1 Successive approximations (SA) algorithm Fan and Nie (2006)

Step 0. Initialization
k = 0
u

0
i
(t) = 0, ∀i ∈ N, i � s, (i, j) ∈ A, 0 ≤ t ≤ T % u

k

i
(t) is the approximation of ui(t)

u
0
s
(t) = 1, 0 ≤ t ≤ T in the k

th iteration of the algorithm

Step 1. Update
k = k + 1
u

k

i
(t) = max j

�
t

0 pi j(ω) u
k−1
j

(t − ω) dω, ∀i ∈ N, i � s, (i, j) ∈ A, 0 ≤ t ≤ T

Step 2. Convergence test
If ∀(i, t) ∈ N × [0,T ] , maxi,t |uk

i
(t) − u

k−1
i

(t)| = 0 stop;
Otherwise go to Step 1.

At each iteration k, u
k

i
(t) gives the probability of reaching the destination, within a time budget

t using a path with no more than k links, under the optimal policy. The solution accuracy mono-
tonically increases with k and eventually reaches an optimal value when k is equal to the number
of links in the optimal path. A formal proof of the convergence is given in Section 3 of Fan and
Nie (2006) using the bounded monotone convergence theorem. However, since an optimal routing
policy in a stochastic network can have loops (see Example 1), the number of iterations required
to attain convergence can be unbounded.

Path Travel-time Probability
{(a, b), (b, d)} 4 0.9
{(a, d)} 1 0.1
{(a, b), (b, a), (a, d)} 4 0.01

Figure 1: A simple network with an optimal routing policy that may contain a loop. Links (b, d) and (b, a) have determin-
istic travel-times of respectively 3 and 1 time units. Link (a, b) has a travel-time of 1 with probability 0.9 and a travel-time
of 2 with probability 0.1. Link (a, d) has a travel-time of 5 with probability 0.9 and a travel-time of 1 with probability 0.1.

Example 1. Figure 1 shows a simple network in which an optimal path can contain a loop. Con-

sider finding the optimal route from node a to node d with a budget of 4 time units. There are two

choices at the origin, of which it is clear that link (a, b) gives the highest probability of reach-

ing the destination on time, since there is a 0.9 probability of the travel-time on (a, b) being

1 time unit, which leads to a total travel-time of 4. However, assume that the realized travel-

time on link (a, b) is actually 2 time units, which can happen with probability 0.1. Now the path

{(a, b), (b, d)} has zero probability of reaching the destination on time. The optimal path is there-

fore {(a, b), (b, a), (a, d)}, which is the only path that has a non zero probability of reaching the

destination on time. This optimal path contains a loop. An a-priori algorithm such as the least

• Time	
  budget	
  of	
  4	
  
• Different	
  paths	
  with	
  non-­‐zero	
  probability	
  of	
  arriving	
  on	
  /me	
  at	
  d	
  when	
  
star/ng	
  from	
  a	
  



Op/mal	
  order	
  for	
  the	
  SOTA	
  algorithm	
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4.2. Acceleration of Algorithm 3 with localization

As shown in Section 4.1, the runtime of the FFT based solution is a function of δ and decreases

as the value of δ increases. The value of δ that is used in the algorithm is bounded by the minimum

realizable travel-time across the entire network. However, in general, road networks are inhomo-

geneous and contain links with a large range of minimum realizable travel-times. This section

presents an optimization that can significantly improve the runtime of the proposed algorithm by

exploiting the disparity of these local δ values.

Proposition 6. Let βi j be the minimum realizable travel-time on link (i, j) with δi j = βi j − � (0 <
� < βi j) and τi be the budget up to which the cumulative distribution function ui(·) has been

computed for node i. For correctness, the invariant

τi ≤ min
j

(τ j + δi j) ∀(i, j) ∈ A (9)

must be satisfied throughout the execution of the algorithm.

Proof 6. Assume that this invariant can be violated. Then, it is possible to compute the cumulative

distribution function ui(·) at some node i such that τi > min j(τ j + δi j), which in turn means that

τi − τ j > δi j for at least one node j. This implies that ∃ t
�

such that ui(t
�
) was computed using the

product of a downstream cumulative distribution function u j(t
� − ω) and pi j(ω), where u j(t

� − ω)

is unknown because τ j < t
� − δi j and pi j(ω) > 0 because ω > δi j. This value of the cumulative

distribution function ui(t
�
) is undefined and the SOTA algorithm fails. Therefore, for correctness

the invariant should not be violated. �

When computing the cumulative density function ui(·) using local δi j values, the growth of τi

is different across the nodes i, unlike in our original algorithm (Algorithm 3) where the τi grow at

the constant uniform rate δ. Furthermore, when ui(·) is updated asynchronously using the invariant

τi ≤ min j(τ j + δi j), (i, j) ∈ A, the order in which the nodes are updated impacts the runtime of the

algorithm.

Figure 2: Example of a simple loop. The δ value for each link is given along the link.

Example 2. To illustrate how the order in which the nodes are updated impacts the runtime of Al-

gorithm 3, consider the network in Figure 2. The value of τi and the computation time depends on

the order in which the nodes are considered. In the worst case, as a lower bound, we assume that

ui(ti) is updated based on the values of its constraint nodes in the previous iteration. Table 2 shows

the sequence of updates for four iterations when using the constraints ui from the previous itera-

tion. Notice that the update pattern is cyclic every four iterations. The highest speedup is achieved

when the nodes in the loop are considered in topological order. Table 3 shows the sequence of up-

dates when the nodes are considered in the topological order (a, b, c, d). As seen in Table 3, the τi

value for each node i can be incremented by the length of the shortest loop node i belongs to when

the nodes are updated in this order. The topological order can be determined easily in this simple

example, but such an ordering will not exist in realistic transportation networks. Table 4 shows

the sequence of updates when the nodes are considered in the order (d, c, b, a). It can be clearly

seen that this ordering is much more inefficient than the ordering (a, b, c, d). Furthermore, without
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the local δ optimization, the algorithm can only update ui by one step at each iteration, since the

minimum δi value is 1 in this example. This simple example shows how local δ optimization can

provide large improvements in the runtime.

Iter. a b c d

1 1 2 5 10

2 11 3 7 15

3 16 13 8 17

4 18 18 18 18

Table 2: using the ui values from the

previous iteration.

Iter. a b c d

1 1 3 8 18

2 19 21 26 36

3 37 39 44 54

4 55 57 62 72

Table 3: computing the ui values in

the order (a, b, c, d).

Iter. d c b a

1 10 5 2 11

2 15 7 13 16

3 17 12 18 18

4 22 23 20 23

Table 4: computing the ui value in

the order (d, c, b, a).

As discussed above, finding the optimal update ordering in a complex network is a non-trivial

task. The first step in finding an optimal ordering is to formalize the runtime of the FFT SOTA

algorithm.

Definition 4. The computation time of the cumulative density function ui(·) can be minimized by

finding the ordering that solves the following optimization problem.

minimize
(τ

ki

i
,Ki)

�

(i, j)∈A

Ki�

ki=1

τki

i

∆t
log
τki

i

∆t
(10)

subject to τki

i
≤ τk j

j
+ δi j ∀τki

i
, τ

k j

j
s.t. (i, j) ∈ A,

C(i, ki) < C( j, k j + 1)

τKr

r
≥ T

τ0

s
≥ T

τ0

i
≥ ∆t ∀i ∈ N, i � s

τk+1

i
> τk

i
∀i ∈ N

where τki

i
is the budget up to which ui(·) has been computed in the k

th

i
iteration of computing

ui(·), C(·) is an index on the order in which nodes are updated such that C(i, ki) denotes when node

i was updated for the k
th

i
time and Ki is the total number of iterations required for node i.

The optimal order in which ui(·) is computed might result in updating some set of nodes mul-

tiple times before updating another set of nodes.

Proposition 7. The ordering that gives the optimal solution to the optimization problem (10) can

be obtained using Algorithm 4 in O(
mT

∆t
log(n)) time. See Appendix B for proof.

The optimal order of updates (node and value) that computes the cumulative distribution func-

tion ur(T ) of the origin r most efficiently is stored in the stack χ at the termination of the algorithm.

Algorithm 4 works by taking the source node r and the time budget to which it needs to be updated

T , and then recursively updating the set of constraints that need to be satisfied before ur(T ) can

be computed. At the first iteration, the source and its terminal value (the budget) are added to the

stack, and the constraints that are required for updating the source to that value are stored in the

heap ψ. At any given iteration, the largest value in the heap is extracted and added to the stack,

since it is the most constrained node in the current working set. We leave further discussion of

how the algorithm works to the proof of correctness.



Problem	
  statement	
  

• Consider	
  the	
  Burgers	
  par/al	
  differen/al	
  equa/on:	
  

• Given	
  
• an	
  ini/al	
  condi/on	
  	
  	
  
• a	
  sta/onary	
  state	
  	
  	
  

• 	
  Can	
  one	
  define	
  le_	
  and	
  right	
  boundary	
  condi/ons	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  such	
  that	
  the	
  
solu/on	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  of	
  the	
  ini/al-­‐boundary	
  value	
  problem:	
  

is	
  stable	
  at	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ?	
  



Scalar	
  conserva/on	
  laws:	
  boundary	
  control	
  space	
  

• 	
  	
  A,	
  B,	
  C:	
  the	
  control	
  does	
  not	
  have	
  
any	
  ac/on.	
  

• 	
  Example:	
  imposing	
  free-­‐flow	
  
state	
  from	
  upstream	
  with	
  higher	
  
flow.	
  

Upstream boundary 

Scenario  C 

a.e. t 

[Blandin,	
  Litrico,	
  Bayen,	
  CDC,	
  2010]	
  



Scalar	
  conserva/on	
  laws:	
  boundary	
  control	
  space	
  

• 	
  	
  D,	
  E,	
  F:	
  the	
  trace	
  of	
  the	
  solu/on	
  
takes	
  the	
  value	
  of	
  the	
  control	
  

• 	
  Example:	
  imposing	
  free-­‐flow	
  
state	
  from	
  upstream	
  with	
  lower	
  
flow.	
  

Upstream boundary 

Scenario  D 

a.e. t 

[Blandin,	
  Litrico,	
  Bayen,	
  CDC,	
  2010]	
  



Scalar	
  conserva/on	
  laws:	
  boundary	
  control	
  space	
  

• 	
  	
  G:	
  the	
  trace	
  of	
  the	
  solu/on	
  
changes,	
  but	
  does	
  not	
  take	
  the	
  
control	
  value.	
  

• 	
  Example:	
  downstream	
  end	
  of	
  a	
  
queue.	
  

Upstream boundary 

Scenario  G 

a.e. t 

[Blandin,	
  Litrico,	
  Bayen,	
  CDC,	
  2010]	
  



Scalar	
  conserva/on	
  laws:	
  boundary	
  control	
  space	
  

• 	
  Different	
  regions	
  of	
  the	
  control	
  
space	
  correspond	
  to	
  different	
  types	
  of	
  
controls,	
  shockwave	
  or	
  rarefac/on.	
  

Upstream boundary 

[Blandin,	
  Litrico,	
  Bayen,	
  CDC,	
  2010]	
  



Lyapunov	
  stability	
  analysis	
  

• 	
  Nota/ons:	
  
• 	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  the	
  solu/on	
  to	
  the	
  ini/al-­‐boundary	
  value	
  problem	
  associated	
  with	
  
the	
  Burgers	
  equa/on	
  and	
  the	
  ini/al	
  condi/on	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  the	
  le_	
  and	
  right	
  
boundary	
  condi/ons	
  	
  	
  
• 	
  	
  	
  	
  	
  	
  	
  	
  the	
  state	
  at	
  which	
  we	
  study	
  the	
  stability	
  
• 	
  	
  	
  	
  

• 	
  Assump/on:	
  
• 	
  	
  	
  	
  	
  	
  	
  is	
  piecewise	
  	
  	
  	
  	
  	
  	
  with	
  a	
  finite	
  number	
  of	
  components	
  

… 

[Blandin,	
  Litrico,	
  Bayen,	
  CDC,	
  2010]	
  



Lyapunov	
  stability	
  analysis:	
  differen/ability	
  

• 	
  Lyapunov	
  func/on	
  candidate	
  

• 	
  Analysis	
  
1.  Lyapunov	
  candidate	
  is	
  well	
  defined	
  and	
  differen/able	
  
2.  	
  Computa/on	
  of	
  deriva/ve	
  
3.  	
  Leverage	
  PDE	
  solu/on	
  proper/es	
  to	
  assess	
  stabilizability	
  

• 	
  The	
  Lyapunov	
  func/on	
  can	
  be	
  re	
  wrixen	
  as:	
  

where:	
  

• 	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  sa/sfies	
  the	
  Rankine-­‐Hugoniot	
  rela/on:	
  

• 	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  con/nuously	
  differen/able	
  on	
  	
  

[Blandin,	
  Litrico,	
  Bayen,	
  CDC,	
  2010]	
  



Controller	
  design:	
  methodology	
  
• 	
  Lyapunov	
  deriva/ve:	
  

• 	
  With	
  
• 	
  	
  
• 	
  	
  	
  	
  	
  	
  	
  the	
  control	
  space	
  

• 	
  Define	
  the	
  controller	
  as	
  the	
  solu/on	
  of:	
  

[Blandin,	
  Litrico,	
  Bayen,	
  CDC,	
  2010]	
  



Controller	
  design:	
  stabilizability	
  result	
  

Theorem:	
  For	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  	
  if	
  the	
  weak	
  entropy	
  solu/on	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  to	
  the	
  ini/al-­‐
boundary	
  value	
  problem	
  can	
  be	
  wrixen	
  as	
  a	
  finite	
  sum	
  of	
  con/nuously	
  
differen/able	
  func/ons,	
  then,	
  under	
  the	
  boundary	
  control:	
  

the	
  system	
  is	
  stable	
  at	
  	
  

[Blandin,	
  Litrico,	
  Bayen,	
  CDC,	
  2010]	
  


